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1. INTR~OUCTI~N 
This paper is concerned with the linear functional-differential equation 
(FDE) 
k(t) + so [dJqt, s)] s(t + s) = j(r) 
-7 
where F(t, s) is defined so that the function x depends not only on present and 
past values of t, but on future values of t as well. Equations of this type arise 
as analogs of Euler equations in problems of the calculus of variations which 
involve delayed argument. See for example Refs. [2], [4], and [6]. 
The form of the adjoint equation as well as its relation to the original FDE 
is studied by means of the theory of adjoint operators in. Hilbert space. This 
approach has been used previously by the author in studying some aspects of 
a special case of the present problem [5]. Attention should be called to a 
treatment in a Banach space setting of a FDE of retarded type by 
D. Henry [3]. 
2. NOTATION AND GENERAL ASSUMPTIOM 
Let H be the set of all vector-valued functions x = (x1 I..., XJ in &[a, b] 
which are absolutely continuous on [a, b] and which satisfy the boundary 
conditions Max + Nx(~) = 0 where M, iV are m x .z matrices, RZ < 25 
with the property that the ~?z x 212 matrix [J/I : N] is of rank m. The inner 
product of two elements X, y of& will be denoted by <s, y, 
Define three sets S, , S, , S, as follows 
S, = ((t, s) : s + t < a or s > p and a < t < n + T>, 
S, = {(t, s) : s < --7 or s > p and n f 7 < t < !, -- p}, 
s, = ((4 4 : s < --7 or s f t > b and b - p L< t g< b). 
Let S = S, V S, U S, . 
11 
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The functionF(t, s) is an n x R matrix valued mapping which is measurable 
in (t, s) and for each fixed t, F is of bounded variation in s. Also suppose that 
1 F(t, s)l < m(t) for some m in L,[a, b] and suppose that the measure d&F(t, s) 
defined by F has the property that d,F(t, s) = 0 for (t, s) in S. 
Further we note that the set H,, = (X in H : x(a) = 0 = x(b)} is dense in 
L 2’ 
Define an operator A : H---f L, by the equation 
Ax = x(t) + j-’ [d$F(t, s)] x(t + s), a<t<b. (0) -7 
3. THE ADJOINT SYSTEM 
Let A : H + L, be the linear functional-differential operator defined by 
Eq. (0). Since H is dense in L, , there is a well-defined adjoint operator A*. 
Let H* be the domain of A*. 
THEOREM 1. The adjoint operator A* is de$ned by the equation 
A*z = $ [-z(s) + j-” F*(t, s - t) x(t) dt], a<s<b, 
a 
for x in the set H*. 
Proof. Let x be in H, and z be in H *. We attempt to solve the equation 
(Ax, x) - (x, G) = 0 for G. 
Upon substitution for Ax in the above equation we get the following 
0 = lb /z*(t) k(t) + z*(t) 1’ [dSF(t, s)] x(t + s) - G*(t) x(t)/ dt. (1) 
a -7 
Since 
1' [dsF(t, 41 x(t + s) = j-l'i" kV(t, s - t)l x(s), ‘-7 
we obtain 
0 = Jb /z*(t) R(t) + z*(t) j-T [d,F(t, s - t)] x(s) - G*(t) s(t)/ dt. (2) 
n 
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The properties of the function F(t, S) allow one to change the domain of 
integration of the double integral 
jb .z”(t> jYTP [d,Q, 
” 
s - t)J x(s) dt = r’p j;” z”(t) [d,Jqt, s - t)] x(s) dt. 
Using an unsymmetric Fubini type theorem due to Cameron and Martin [I], 
we may interchange the order of integration to obtain 
b .b s I 0 ‘(I z”(t) [d,$(r, s - t)] x(s) dt = Jab d, [In’ x*(t)F(t, s - t) dt] x(sj. 
Substitution of this integral into Eq. (2) yields 
0 = jEb Ix++) k(s) + d, [jnb I* F(t, s - t) lit] s(s) - G*(s) I(S);. 
We now integrate the last two terms by parts and use the fact that x(s) is in 
H, to obtain 
0 = jab [z"(~) - j" z*(t)F( 
(1 
t, s - t) dt + IS G*(t)] k(s) ds. 
. 0 
The fundamental lemma of the calculus of variations now applies to yield 
the existence of a constant vector a: such that 
z*(s) - jib a*(t)F(t, s - t) dt + js G*(t) dt = a, a .< s < 6. 
n 
It then follows that 
G(s) = A*[x(s)] = $ [--x(s) + jab F*(t, s - tj z(f) dr], 
It is to be noted that ifP(t, S) is absolutely continuous in S, and if 
for some 712 inL,[a, b], then z is also absolutely continuous on a < s < 6. 
THEOREM 2. If z is in H*, then z satisfies the following boundary cortditions 
z(a) = --M*[, z(b) = iv*‘$ (3) 
zuhere [ is an m-vector. 
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Proof. Let x be in Hand let z be in H*, and consider the equation 
(Ax, 2) - (x, A”z) = 0. 
Upon substitution for B and 8*, this equation becomes 
j” [z*(t) 2(t) + x*(t) jt_“: [dsF(t, s - t)] x(s)] dt 
a 
- jab $ [-z*(s) + j” Z*(t)F(t, s - t) dt] x(s) = 0. (4) a 
After using the same process as in the proof of Theorem 1, we have 
[d,F(t, s - t)] x(s) dt = jab d, [jab z*(t) F(t, s - t) dt] x(s). 
An integration by parts applied to all but the first term of Eq. (4) then yields 
the following relation 
z*(b) x(b) - z*(a) x(a) = 0, 
for all x in H and z in H*. 
Since x satisfies the relation 
m(a) + Nx(b) = 0 
we may conclude that there exists a constant m-vector E such that 
z*(u) = --~“A~, z*(b) = [*N. 
The result stated in the theorem follows by transposition. 
It is to be noted that given M, N, m by n constant matrices such that the 
m x 212 matrix [M : N] is of rank m, there exist 1z by (27~ - m) matrices P, Q 
such that the rank of the matrix [P* : Q*] is 2n - m satisfying 
MP - NQ = 0. In this case an equivalent form of the relation 
Mx(a) + Nix(b) = 0 
is the existence of a (2n - m)-vector 5 such that ~(a) = -PC, x(b) = Q& An 
equivalent form of the conditions z(a) = -M*t, z(b) = N*t is 
P”z(a) + Q”z(6) = 0. 
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4. THE NONHOMOGENEOUS EQUATION 
Now let us consider the equation 
By use of solutions of the homogeneous adjoint equation, a solution for 
problem (5) can be constructed. In particular we have the following theorem. 
THEOREM 3. Suppose that f is an integrable n-vector valuedfanction defined 
on a < t < 6. Let Z(a, t) be an n by n matrix whose columns are solutions of 
3.*x = 0, P%(a) f Q*z(b) = 0 f OP a < t < u‘, u < t < b with the property 
that Z”(a, u-) - Z*(o, u+) = 1. Then the solution ojproblem (5) is given by 
the equation 
+) = j” z+, t) fct> dt, a < (T .< b. 
a 
Proof. Multiply A[x(t)] = f(t) by Z*(u, t), and integrate from t = a to 
t = 6. Thus 
jQb \z*(~, t) n(t) + z+, t) jt+‘LdsF( 
t-r 
t, S - t)] +)I dt = jb Z*(o, t>f(t) dt. 
n 
!7) 
Using the same techniques as in the proof of Theorem 1, the left-hand side 
may be written in the following way: 
j b Z”(a, S) k(S) ds + 1” d, [J’” Z”(u, t) F(t, S - t) dt] X(S) 
Q a la 
= Jo Z*(~, s) I ds + s: d, rj~b Z*(a, t) F(t, s - t) dt] r(s) 
+ jb Z*(a, S) k(S) ds f j” d, [jb Z”(a, t)F(t, S - t) dt] %(S). 
0 D a 
Integrating both of the integrals involving n(s) by parts and using the fact 
that the columns of Z(C, t) are solutions in t of A*z = 0 on a < t < (r and 
(T < t < b, we conclude that Eq. (7) becomes 
[Z*(c, u-) - Z*(a, o+)] x(a) + Z*(O, b) x(b) - Z*(U, a) .x(a) 
-b 
zzzd 
J 
Z*(a, t) f (t) dt. 
a 
505jISiI-2 
16 DAVID IL HUGHES 
Since x is in H and the columns of Z(a, t) are in H* for each u, and since 
[.Z*(o, U-) - Z*(u, u+)] = I, we may conclude that 
x(u) = s” Z*(u, t)f(t) dt. 
a 
We consider now the nonhomogeneous adjoint equation 
JJJ”x(s) =f(s), P”z(a) + Q*,?(b) = 0. (8) 
The solutions of the homogeneous equation Ax = 0 may be used to construct 
the solution of Eq. (8). 
THEOREM 4. Suppose that f satisjies the same conditions as in Theorem 3. 
Suppose further that F(t, s) is absolutely continuous in s. Let X(u, s) be an n by n 
matrix whose columns are solutions of Ax = 0, &lx(a) + Nx(b) = 0 for 
a < s < u, u < s < b with the property that X*(0, u+) - X*(U, U-) = I. 
Then the solution of problem (8) is given by the equation 
z(u) = j” X*(u, s) f(s) ds. 
a 
Proof. Multiply A*[z(s)] =f(s) by X*(u, s) and integrate from s = a to 
s = b. Thus 
1” x*tu> s  $ [-z(s) +jaa F *( t, s - t) z(t) dt] ds = j-” X*(0, s)f(s) ds. (9) 
a a 
The left-hand side of Eq. (9) may be written in the following way 
j” X*(u, s) A*[x(s)] ds + s” X*(0, s) A*[z(s)] ds. 
a 0 
Integration by parts then yields the relation 
j” X*(u, s) 4*[x(s)] ds + 1” X*(0, s) A*[z(s)] ds 
a 
= -x*(0, s) x(s)/; -X*(u, s) z(s)l: 
+ X*(u, s) jab F*(t, s - t) z(t) dt 1; 
+ X*(0, s) j” F*(t, s - t) z(t) dt I”, 
a 
+ j; X$*(0, s) [z(s) - jaa F*(t, s - t) x(t) dt] ds 
+ j,” &*(u, s) [z(s) - jabF*(t, s - t) z(t) dt] ds. (10) 
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After integrating the second term in each of the last two integrals by parts, 
the relation (10) may be replaced by the following: 
jy X”(u, s) A*[z(s)] ds + j” x*(u, s) kt*[x(s)] ds 
a CT 
= --X”(% s) x(s)\: - X”(0, s) +)I: 
-+ job Xt*(o, t) z(t) dt + jab X*@, s) d, [jabF*(t, s - t) x(t) dt]. 
An interchange of the order of integration along with use of the properties 
of the function F then yields the equation 
1’ X*(u, s) A”[x(s)] ds = -X”(a, s) z(s)]; - X*(0, s) z(s)/; 
*a 
+ j:” [Xt*(u, t) + jty X*(u, s) dJ=(t, s - t)] z(t) dt. 
Since the columns of X(a, s) satisfy AN = 0 on a < s .(, CT, (T < s < b, we 
have 
s b X*(u, s) A*[z(s)] ds = - X*(a, o-) z(u) + X*(a, CT+) x(o) a 
+ X”(r.7, a) z(u) - x*(0, 6) z(b). 
Since the columns of X(u, s) are in H for each G and z is in H*, and since 
S*(U, a+) - X*(U, CT-) = I, we may conclude that 
x(u) = fb X”(u, s) A*[z(s)] ds = jb X”(o, s)f(s) ds. 
.U a 
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